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Barriers to internal rotation in H~02 and to inversion in NH 3 are calculated by the Integral 
Hellmann-Feynman theorem. The results are compared with barriers found by the difference 
in expectation values and with the experimental results, and the agreement is found to be poor. 
Corresponding Orbitals are presented for the conformers considered. 

Le thtor~me inttgral d'Hellman-Feynman es~ utilis6 pour ealculer les barribres de rotation 
interne de HzO2 et d'inversion de Rrfta. Les rtsultats sent comparts avec les barribres obtenues 
par difftrence enr valeurs moyennes et avec les rtsultats exptrimentanx; l'accord est 
m$dioere. Les orbitales correspondan~ aux conformations eonsid6rtes song prtsenttes. 

Mittels des integralen Hellmann-Feymnan-Theorems wurden die Rotationsbarriere yon 
H~O~ und die Inversionsbarriere yon Rri-I a berechnet. Die Ergebnisse werden mit den Er- 
gebnissen direkter Energieberechnungen und experimentellen Daten verglichon. Die Ober- 
einstimmung ist schlecht. 

Introduction 

Recently, KALDOR and S~AvrrT [1, 2] have calculated LCAO SCF wave- 
functions for H~Oa and NH s. By taking the difference in expectation values 
(A Wea) for various configurations these workers were able to estimate barriers to 
rotation and inversion. The Integral t tellmann-Feynman Theorem [3] provides 
an alternative method of computing these quantities (as A W~) which at the same 
time gives physical insight into the problem through the idea of transition density. 
Agreement, or lack of it, between A We~ and zJ W~ throws on the reliability of the 
wavefunetions when they are to be used to describe changes in molecular confor- 
mation. For, in the case of the exact wavofunetion, A We~ andA W~ are equal. There 
are circumstances [4] in which this is also true for the SCF wavefunction. In  
general, however, they will not be equal. The prime example [5] of dose agreement 
between A Wets, A W~ and the experimental value is the rotation barrier in ethane, 
where the LCAO SCF wavefunctions of PITZn~ and LrPscoMB [6] were used. 
Indeed, the success of this calculation suggested that  the rotation problem at least 
could be discussed without the complication of electron correlation. 

Scheme o~ the Calculations 

I t  has been shown elsewhere [3], that  the electronic energy change for an iso- 
electronic process, such as a change in nuclear conformation X ~ Y, may be written 
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I n  this formula A Vne is the difference in  nuclear  a t t rac t ion  operators and  T x  and  
1/Iy are the electronic wavefunct ions for the two conformers, The to ta l  energy 
change is t hen  found by  including the nuclear  cont r ibut ion  A Vnn, so t ha t  the full 
In tegra l  H e l l m a n n - F e y n m a n  formula is 

A Wz = A + l A 1 7 y>l< x I (2) 

I n  the case where k~x ~nd 7 / r  are single de te rminants  of MO's, Cx and  r i t  is 
possible to t ransform to another  basis Cf  and  r  called the corresponding orbitals 
(CMO's), in  which the r ight  h a n d  side of (i) has only diagonal mat r ix  components :  

AEt = 2 ~ <r I A Vne i r162 I r (3) 
i 

Geometry and Orbitals 

The C~O's quoted at the end of this paper refer to the original coordinate systems of 
K ~ ) o ~  and S~VITT which are reproduced here for convenience. 

Fig. 1 shows the coordinate system for H~02. The available wavefunctions had been calcu- 
lated with all bond lengths and the HOO angle kept constant. Thus, rotation was considered 
as a change in the dihedral angle ~ only, from Z = 0 (cis H202) to Z = 1180~ (trans H202). 

The coordinate system for NI-Ia is shown in Fig. 2. Inversion was considered as a change in 
the angle 0 (between the NH bond and the symmetry axis) from 0 = 90 ~ (planar) to 0 ~ 68 ~ 
(pyramidal) - -  with the additional complication that the NH bond length was allowed to 
increase during the process. I t  was to be expected that this would make the problem more 
subtle than rotation. 

Fig. 1. Coordinate System for H202 

* y  

H f-t~ 
14~ 

~ X  

Fig. 2. Coordinate System for NH 8 

In addition to calculating the MO's for 1NH 3 with a minimal basis set of 8 atomic orbitals 
(referred to as the MIN set) KAH)Ol~ and SI~AVITT also provided two extended basis set wave- 
functions. One of these (the DN set) was a '13 orbital basis in which the nitrogen atom was 
allocated a 'double zeta' set of atomic orbitals. The other extended basis set (the MBO set) 
employed 12 atomic orbitals in which the valence orbitals on the nitrogen atom were augmented 
by functions having maxima in the iNH bond regions. 

Integrals 

The evaluation of AE~ by Eq. (3) required the calculation of two and three centre nuclear 
attraction integral and overlap integrals over basic atomic orbitals, The three centre integrals 
were computed by the method of MAG~I~sso~ and ZA~I~I [7] (3 dimensional quadrature in a 
7500 point net) and the two centre integrals were evaluated analytically. Then it only remained 
to obtain the coefficients of the Corresponding Orbitals. The matrix operations whereby these 
may be obtained from Me coefficients have already been given by W:ZAmT and PAR~ [5]. 
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Results and Discussion 

H~02 
The results are convenient ly summarised in Tab. 1, where the values of  zJ Wea 

are included for comparison. The complete results (KALno~ and SHAVITT coll- 
sidered six conformations) for / ]  Wed gave a min imum in the potential  energy curve 
at  Z = i20~ indicating two barriers:  t i . 8  kcal/mole through the cis position and 
2.2 kcal/mole th rough  the trans. (The experimental  barriers, as quoted in ReL [1], 
are 7.0 and i.1 keals respectively). 

Table :1 (atomic units) 

AE~ A V~, ~ Wz A W~ 

0 ~ ---> :120 ~ Rotation -0.065:1 0.0952 0 .030 :1  0.0:190 
0 ~ --+ :180 ~ Rotation -0.0626 0A123 0.0497 0.0153 

The magni tudes  o fA W~ are respectively one and a half  and three times greater 
than  those of/J Wea ; and they  also suggest t ha t  there is no min imum at  all between 
the cis and t rans  positions. The He l lmann-Feynman  calculation would thus give 
only one barrier, of  0.0497 au or about  30 kcals. I t  would appear  tha t  simple 
energy differences give bet ter  results than  the He l lmann-Feynman  theorem for 
these wavefnnctions.  However ,  the Hel lmann-Feymman result can be regarded as 
a comment  on the reliability of  these wavefunctions as far as the ro ta t ion problem 
is concerned; because the good agreement  be tween / ]  Wed and experiment is not  
mainta ined by  a bet ter  variat ional  funct ion [8]. FINK and ALLS~ [8] have also 
failed to locate a min imum between the cis and the t rans  conformations, and their 
(Double-zeta) wavefunctions are believed to be quite close to the Har t ree  Fock 
limit. The /J Wea value obtained for the cis -~ t rans ro ta t ion is 0.02633 au or 
16.53 kcal/mole. He l lmann-Feynman  calculations [9] on the same wavefunctions 
give 0.03912 au or 24.55 kcal/mole, roughly  the same as in the present work. 

5IH 3 

The calculated energy values are convenient ly summarised in Tab. 2. The 
experimental  value of  the barrier is 0.25 eV or 0.0093 au (as quoted in l~ef. [2]). 

Table 2 

MIN MIN DN MBO 
(0 =68  ~ ) ( 0 = 6 5  ~ (0 =68  ~ ) ( 0 = 6 8  ~ ) 
experimental ealc. rain. 
equilibrium energy conf. 
conf. 

AEz -0.20096 -0.24203 -0.12563 0.00i65 
A V~, 0A7905 0.21659 0A1890 0.01829 

AW~ -0.02190 -0.02544 -0.00673 0.01994 
AW~a 0.01673 0.01843 -0.00341 0.0000 
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Table 5. Corresponding Orbltals for N H  3 with minimal basis set 
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CI~IO Contribution Overlap Coefficients �9 
pair to  AE~ (au) In tegral  NIs  N2s N2p~ N2p~ H l l s  

1. Invers ion from the  planar  (0 = 90 ~ R ~  = t .916 au) to the  expt. equilibrium configuration 
(0 = 68 ~ RN~ = 1.957 au) 

l a  1 -0.03331 1.000 1,00174 -0.00209 0.0 -0.02205 -0.00929 
1,00128 0.00168 0.0 -0.01638 -0.01178 

2a 1 -0.05923 0.98737 -0.18298 0.74487 0.0 -0.06520 0.16352 
-0.19498 0.83971 0.0 -0.11815 0.11181 

3a~ +0.05843 0.97589 0.01018 0.04863 0.0 0.99763 0.01048 
0.04634 -0.22170 0.0 0.89562 0.16210 

e, -0.03318 0.96175 0.0 0.0 0.58443 0.0 0.48646 
0.0 0.0 0.59143 0.0 0.50192 

2. Inversion from planar  (0 = 90 ~ = 1.916 au) to minimum energy pyramidal  
(0 = 65 ~ BNH ~ 1.967 au) 

configuration 

lax -0.04047 0.99999 0.99494 0.02424 0.0 0.00193 -0.00351 
0.99493 0.02412 0.0 0.00383 -0.00353 

2a~ +0.00541 0.98931 -0.21628 0.74241 0.0 0.09888 0A6328 
-0 .224 i4  0.80769 0.0 0.02708 0.13092 

3a 1 -0.00489 0.96864 0.01957 -0.07382 0.0 0.99510 -0.01622 
0.06190 -0.38927 0.0 0.87524 0.16405 

e~ -0 .04053 0.95270 0.0 0.0 0.58443 0.0 0.48646 
0.0 0,0 0.59226 0.0 0.50884 

Coefficients of the  other  atomic orbitals, and of the  CMO ey, may be found by  symmetry.  

Table 6. Corresponding Orbitals /or NHa, with the DN Basis Set 

Planar  geomet ry : /~n~ = 1.88029 au, 0 = 90~ Pyramidal  geometry: RnE = 1.91033 au, 0 = 68 ~ 

CMO Contribution Overlap Coefficients~ 
pair to AE~ (au) In tegral  Nl s l  Nts~ N2al ~2s~ N2p~ 1 N2p~ Hlls  

t a  1 -0.01383 1.000 0.63818 0.17994 0.17331 0.15606 0.04548 0.01642 0.06502 
0.61311 0.20283 0.18398 0.16310 0.01210 0.01638 0.05800 

2al +0.05591 0.98819-0.63710 0.00247 0.40006 0,34101 0.17293 0.06244 0.14786 
-0.63057 -0.01112 0.39722 0.36071 0.09587 0.05619 0.14216 

3a~ -0.04952 0.99191 0 .10666-0 .01132-0 .10129 -0,08683 0.76087 0.24773 -0.03749 
0A2570-0 .00884-0 .31241  -0A2774  0.69103 0.28227 0.09611 

N2p~ I N 2 p ~  t i l t s  

ex -0.02769 0.97287 0.43249 0.25508 0.41969 
0.41678 0.26667 0.44779 

11 

Coefficients of the  other  atomic orbitals, and  of the  C~O eu, may  be found by  symmetry.  

Theoret. ehim. Acts (Berl.) Vol. 8 
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Table 7. Corresponding Orbitals /or MBO Basis Set 

(Planar Geometry:/~n~ = 1.90267 au, 0 = 90~ Pyramidal Geometry: R ~  = 1.9tii3 au, 0 = 68 ~ 
CM0 Contribution Overlap Coefficients a 
pair to AEr (au) Integral Nls N2s N2sB N2p~ N2p~B Hlls  

t a  1 -0.00568 t.0000 0.97628 0.08i05 -0.01084 
0.97630 0.08091 -0.01062 

2a l +0.05077 0.99480 -0.29315 0.77044 -0.09765 
-0.29545 0.78553 -0A0t62 

3a x -0.00753 0.99096 0.02594 -0A2074 0.01531 
0.04630 -0.29705 -0.07039 

e~ -0.01837 0.96952 

0.01471 0.00676 0.00942 
0.0~493 -0.00032 0.00948 

0A1453 0.05261 0A8~02 
0.09750 -0.05498 0A7641 

0.74075 0.34027 -0.02818 
0.71297 0.28634 0A0562 

~2p.  :N2p~B H~s  
0.62068 0.00604 0.44738 
0.61707 0.01176 0.46756 

Coefficients of the other atomic orbitals, and of the CMO e~, may be found by symmetry. 

F r o m  this work and  the results of other invest igat ions* i t  is clear t ha t  available 
wavefunet ions  for ammon ia  are no t  good enough for the  calculat ion of the magni-  
tude  (much less a discussion of the origin) of the inversion barrier.  I t  is no t  even 
cer ta in  t ha t  the Har t ree -Fock  wavefunet ion,  when i t  is available, ~]1  be adequate.  
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* Mr. B. F. G~A~AM informs us that in Integral He]lmann-Feynman calculations using 
one centre LCAO SCF wavefunetions he obtained a barrier of 0.0275 au for ~r wave- 
function and barriers of 0.0463 au and 0.0721 au for the wavefunctions (first and second 
'build up') of Jester. 
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